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The generalized hyperbolic non-Newtonian fluid model first proposed by Al-Zahrani [J. Petroleum
Sci. Eng. 17, 211 (1997)] is considered. This model was successfully applied to some drilling flu-
ids with a better performance in relating shear stress and velocity gradient compared to power-law
and the Hershel-Bulkley model. Special flow geometries namely pipe flow, parallel plate flow, and
flow between two rotating cylinders are treated. For the first two cases, analytical solutions of ve-
locity profiles and discharges in the form of integrals are presented. These quantities are calculated
by numerically evaluating the integrals. For the flow between two rotating cylinders, the differential
equation is solved by the Runge-Kutta method combined with shooting. For all problems, the power-
law approximation of the model is compared with the generalized hyperbolic model, too.

Key words: Generalized Hyperbolic Non-Newtonian Fluid; Pipe Flow; Parallel Plate Flow;
Flow Between Rotating Cylinders.

1. Introduction

Fluids in petroleum industry usually exhibit non-
Newtonian behaviour. Crude oil and drilling fluids are
some examples. In non-Newtonian fluids, the shear
stress is not linearly related to the velocity gradient.
Various models were proposed to express the relation-
ship between the shear stress and the velocity gradi-
ent. In the pseudoplastic group power-law, Hershel-
Buckley, Ellis, and Eyring models are some exam-
ples [2 – 4]. These models cannot account for the nor-
mal stresses observed in some of the non-Newtonian
fluids. To account for the normal stresses, models
such as Oldroy, Maxwell, second-grade and third-
grade fluids, the latter two being special forms of
the broad class named as Rivlin-Ericksen fluids, were
also proposed [5 – 18]. Recently, Al-Zahrani [1] pro-
posed a new pseudoplastic non-Newtonian model in
a general hyperbolic form. Experiments with the new
model revealed that the model better performs than the
power-law and Hershel-Bulkley model in predicting
shear stress and velocity gradient relationship of some
drilling fluids [1]. Parameter values of the constitutive
relation are experimentally detected for some drilling
fluids also [1]. In a further study, Al-Zahrani and Al-
Fariss [19] modified the model to determine the tem-
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perature dependent viscosity of waxy oils and obtained
a promising match between the model and the experi-
mental data.

In this work, using the generalized hyperbolic
model, three different fluid flow problems are solved:
i) pipe flow, ii) flow between parallel plates, and
iii) flow between rotating concentric cylinders. For the
first two cases, the velocities and discharges are given
analytically in the integral form and the integrals are
evaluated numerically for various pressure gradients
and power index values. For the last case, the outcom-
ing ordinary differential equation is numerically solved
using a Runge-Kutta algorithm combined with shoot-
ing technique. Solutions are presented for various in-
side to outside cylinder radii and for various rotation
speeds. All solutions corresponding to the three prob-
lems are also contrasted with the power-law approxi-
mation of the model.

2. Constitutive Relation

The general constitutive relation proposed by Al-
Zahrani [1] is

τ∗ =
B

δ 1/n

[(
γ̇∗ + δA

A

)n

−1
]1/n

. (1)
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In this general form, the stress constitutive equation is a
generalization of Newtonian, power-law, and Hershel-
Buckley fluids. δ is a dimensionless parameter. If δ =
1 is selected, then the initial yield stress vanishes and
the model does not represent Hershel-Buckley fluids
for vanishing velocity gradients. Following [1], δ =
1 is selected in the subsequent analysis and for this
choice

τ∗ = B
[(

γ̇∗ + A
A

)n

−1
]1/n

, (2)

where τ∗ is the shear stress, γ̇∗ is the velocity gradi-
ent, and A, B, and n are constants to be determined for
a specific fluid. For n = 1, the model represents the
Newtonian fluids

τ∗ =
B
A

γ̇∗ (3)

and the ratio B/A is the usual viscosity in this case. For
power-law fluids the constitutive relation is

τ∗ = kγ̇∗m. (4)

Direct correlation of A, B, and n with k and m does not
exist for specific fluids and is not given in [1]. How-
ever, it can be shown that for small velocity gradient
ratios γ̇∗/A � 1, (2) reduces to (4). The numerical val-
ues of A and γ̇∗ presented in the figures in [1] justify
this assumption. Inserting the approximation(

1 +
γ̇∗

A

)n
∼= 1 + n

γ̇∗

A
(5)

into (2) yields

τ∗ = B
( n

A

)1/n
(γ̇∗)1/n. (6)

Comparing (6) and (4), one may conclude that

m =
1
n
, k = B

( n
A

)1/n
. (7)

Hence, parameter n in the generalized model is some-
what equivalent to the reciprocal of power-law index
and k is a combination of all parameters A, B, and n.

For Hershel-Buckley fluids, the constitutive relation
is

τ∗ = τ∗0 + kγ̇∗m, (8)

where τ∗0 is the initial yield stress for zero velocity
gradient. For zero velocity gradient, there is no ini-
tial yield stress in (2) and the model does not cover
Hershel-Buckley fluids for vanishing velocity gradi-
ents. For those fluids the more general form, i. e. (1),
should be employed. Comparing (1) and (8), the initial
yield stress can be defined as

τ∗0 =
B

δ 1/n
(δ n −1)1/n. (9)

Parameter n in model (2) is dimensionless. In SI
units, A should be the same unit as the velocity gradi-
ent, i. e. 1/s, and B should have the units of stress, i. e.
Pa. In [1] nonstandard units are employed in present-
ing data of different gel water drilling fluids and gelex
polymer mud. A has the units rpm and B has the units
Ib/100ft2. A is of magnitude 102 to 105 rpm while B is
10 to 103 Ib/100ft2. n is in the range of 1.96 – 4.33. For
details of the parameter values, the reader is referred
to [1] not to reproduce his data.

Finally, (2) can be generalized to three dimensional
flows in Cartesian coordinates

τxy
∗ = B





(

∂u∗
∂y∗

+ ∂v∗
∂x∗

)
+ A

A




n

−1




1/n

,

τxz
∗ = B





(

∂u∗
∂z∗

+ ∂w∗
∂x∗

)
+ A

A




n

−1




1/n

,

τyz
∗ = B





(

∂v∗
∂z∗

+ ∂w∗
∂y∗

)
+ A

A




n

−1




1/n

,

(10)

where u∗, v∗, and w∗ are the velocity components in
the x∗-, y∗-, and z∗-directions.

3. Pipe Flow

For pipe flow, the dimensional equation of motion
can be written as follows:

dp∗

dx∗
+

1
r∗

d
dr∗

(τ∗r∗) = 0. (11)

The equation can be cast into a non-dimensional form



M. Pakdemirli et al. · Generalized Hyperbolic Non-Newtonian Fluid 153

Fig. 1. Pipe flow geometry and coordi-
nates.

through the relations

x =
x∗

L
, r =

r∗

R
, p =

p∗

(L/R)B
,

u =
u∗

RA
, τ =

τ∗

B
, γ̇ =

γ̇∗

A
,

(12)

where x is the axial coordinate, r is the radial coordi-
nate, u is the axial velocity, R is the radius of the pipe,
and L is the length of the pipe (see Fig. 1). The dimen-
sionless equation of motion is

dp
dx

+
1
r

d
dr

(τr) = 0. (13)

In dimensionless quantities, model (2) can be ex-
pressed as

τ = [(γ̇ + 1)n −1]1/n, (14)

where

γ̇ = −du
dr

. (15)

The boundary conditions for the problem are

u(1) = 0,
du
dr

(0) = 0. (16)

Substituting (15) into (14) and the result into (13), in-
tegrating the equation twice with the given boundary
conditions, one finally obtains the velocity profile as
follows:

u(r) =
r∫

1

{
1−

[
1 +

(
− r

2
dp
dx

)n]1/n
}

dr. (17)

The discharge is Q =
1∫
0

2πrudr or

Q = 2π
1∫

0


r

r∫
1

{
1−

[
1 +

(
− r̄

2
dp
dx

)n]1/n
}

dr̄


dr.

(18)

Equation (17) and (18) represent the velocity and dis-
charge in an analytical integral form. For n = 1, the
velocity profile and discharge reduces to those of the
Newtonian case in the dimensionless form [20]

u(r) = −1− r2

4
dp
dx

, Q = −π
8

dp
dx

. (19)

For some special n values, the integrals can be eval-
uated analytically. For n = 0.5, the velocity profile is

u(r) = −1− r2

4
dp
dx

+
4
3

√
−1

2
dp
dx

(1− r3/2). (20)

For n = 0.5, the discharge turns out to be

Q = 2π

{
− 1

16
dp
dx

+
2
7

√
−1

2
dp
dx

}
. (21)

For n = 2, the velocity profile is

u(r) = r−1− 1
2


r

√
1 +

(
−1

2
dp
dx

)2

r2

−
√

1 +
(
−1

2
dp
dx

)2

+
Arcsinh

(
− 1

2
dp
dx r
)
−Arcsinh

(
− 1

2
dp
dx

)
− 1

2
dp
dx


 .

(22)

For other n values, the integrals are numerically evalu-
ated. In Figure 2, the velocity profiles are given for var-
ious pressure gradients for the n = 2 case. In Figure 3,
velocity profiles are contrasted with Newtonian and
non-Newtonian cases with n < 1. The non-Newtonian
cases with n > 1 are compared with Newtonian case
in Figure 4. The velocities are higher for lower n val-
ues. Discharges are calculated in a similar way for a
given pressure gradient and power index n. The re-
sults are summarized in Table 1. Discharges are ob-
viously greater for higher pressure gradients. They are
also higher for lower n values.
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Table 1. Discharge values for pipe flow.

n
0.25 0.5 1 2 3 4

dp/dx −1 9.447 1.662 0.392 0.075 0.021 0.006
−2 13.392 2.581 0.785 0.272 0.146 0.093
−3 16.599 3.377 1.178 0.544 0.385 0.317
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Fig. 2. Velocity profiles for pipe flow for various pressure
gradients (n = 2).
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Fig. 3. Velocity profiles for pipe flow for n < 1 case (dp/dx =
−1).

The results can be contrasted with the power-law ap-
proximation of the model. If the power-law approxi-
mation of shear stress given in (6) is rewritten in the
dimensionless form

τ = (n)1/n(γ̇)1/n (23)

and substituted into (13), after similar calculations, the
following velocity profile and discharge is obtained:

u(r) =
1

n(n + 1)

(
−1

2
dp
dx

)n

(1− rn+1), (24)
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Fig. 4. Velocity profiles for pipe flow for n > 1 case (dp/dx =
−1).
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Fig. 5. Comparison of hyperbolic model with power-law ap-
proximation for pipe flow (n = 0.5).
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Q =
π

n(n + 3)

(
−1

2
dp
dx

)n

. (25)

The velocity profiles of the hyperbolic model are com-
pared with their power-law approximations for n = 0.5
(Fig. 5) and n = 2 (Fig. 6). When n < 1, the power-law
approximation underestimates the velocities and when
n > 1, the power-law approximation overestimates the
velocities.

4. Parallel Plate Flow

The geometry and coordinates selected are given in
Figure 7. The dimensional equation of motion is

dτ∗

dy∗
= −dp∗

dx∗
. (26)

The non-dimensional terms are

x =
x∗

L
, y =

y∗

h
, p =

p∗

(L/h)B
,

u =
u∗

hA
, τ =

τ∗

B
, γ̇ =

γ̇∗

A
,

(27)

where x is the axial coordinate, y is the vertical coordi-
nate, u is the axial velocity, 2h is the distance between
the plates, and L is the length of the plates. The dimen-
sionless equation of motion is

dτ
dy

= −dp
dx

. (28)

In dimensionless quantities, the shear stress and veloc-
ity gradients are

τ = [(γ̇ + 1)n −1]1/n, γ̇ = −du
dy

. (29)

The boundary conditions for the problem are

u(1) = 0,
du
dy

(0) = 0. (30)

Fig. 7. Parallel plate flow geometry and coordinates.

Substituting (29) into (28), integrating twice with the
given boundary conditions, one finally obtains the ve-
locity profile as follows:

u(y) =
y∫

1

{
1−

[
1 +

(
−y

dp
dx

)n]1/n
}

dy. (31)

For unit width, the discharge is Q = 2
1∫
0

udy or

Q = 2
1∫

0


 y∫

1

{
1−

[
1 +

(
−ȳ

dp
dx

)n]1/n
}

dȳ


dy.

(32)

For n = 1, the velocity profiles and discharge reduces
to those of Newtonian case in dimensionless form [20]

u(y) = −1− y2

2
dp
dx

, Q = −2
3

dp
dx

. (33)

For some special n values, the integrals can still be
evaluated analytically. For n = 0.5, the velocity profile
is

u(y) = −1− y2

2
dp
dx

+
4
3

√
−dp

dx
(1− y3/2). (34)

For n = 0.5, the discharge turns out to be

Q = −2
3

dp
dx

+
8
5

√
−dp

dx
. (35)

For n = 2, the velocity profile is

u(y) = y−1 +
1

2dp/dx

[
Arcsinh

(
−y

dp
dx

)

−Arcsinh
(
−dp

dx

)]

− 1
2


y

√
1 +

(
−y

dp
dx

)2

−
√

1 +
(
−dp

dx

)2

 .

(36)

For other n values, integrals are numerically evaluated.
In Figure 8, the velocity profiles are given for vari-
ous pressure gradients for the n = 2 case. In Figure 9,
velocity profiles are contrasted among Newtonian and
non-Newtonian cases with n < 1. The non-Newtonian
cases with n > 1 are compared with Newtonian cases
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Fig. 8. Velocity profiles for parallel plate flow for various
pressure gradients (n = 2).
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Fig. 10. Velocity profiles for parallel plate flow for n > 1 case
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Table 2. Discharge values for parallel plate flow.

n
0.25 0.5 1 2 3 4

dp/dx −1 11.930 2.267 0.667 0.219 0.113 0.069
−2 17.241 3.596 1.333 0.697 0.548 0.490
−3 21.623 4.771 2.000 1.268 1.125 1.079

hyperbolic
(n=0.5)

power-law
(n=0.5)
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Fig. 11. Comparison of hyperbolic model with power-law ap-
proximation for parallel plate flow (n = 0.5).

in Figure 10. As can be seen from the figures, as n in-
creases, the velocities drastically drop. The discharge
is calculated in a similar way for a given pressure gra-
dient and power index n. Results are summarized in
Table 2. Discharges are higher for lower n values.

Similar to the analysis given in the previous section,
results can be contrasted with the power-law approxi-
mation of the model. Power-law approximation of di-
mensionless shear stress is

τ = (n)1/n(γ̇)1/n. (37)

Inserting this shear stress into (28), after similar calcu-
lations, the following velocity profile and discharge is
obtained:

u(y) =
1

n(n + 1)

(
−dp

dx

)n

(1− yn+1), (38)

Q =
2

n(n + 2)

(
−dp

dx

)n

. (39)

The velocity profiles of the hyperbolic model are com-
pared with their power-law approximations for n = 0.5
(Fig. 11) and n = 2 (Fig. 12). When n < 1, the power-
law approximation underestimates the velocities and
when n > 1, the power law approximation overesti-
mates the velocities.
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Fig. 12. Comparison of hyperbolic model with power-law ap-
proximation for parallel plate flow (n = 2).

5. Flow Between Rotating Concentric Cylinders

The geometry and coordinates selected are given in
Figure 13. The inner cylinder is rotating with an an-
gular velocity of Ω1 and the outer cylinder is rotating
with Ω2 with the hyperbolic fluid placed between the
cylinders. The dimensional equation of motion is

r∗
dτ∗

dr∗
+ 2τ∗ = 0. (40)

The non-dimensional terms are defined as follows:

r =
r∗

a
, v =

v∗

Ω1a
, τ =

τ∗

B
,

γ̇ =
γ̇∗

Ω1
, k1 =

b
a
, k2 =

Ω2

Ω1
,

(41)

Fig. 13. Geometry and coordinates for flow between rotating
concentric cylinders.

where r is the radial coordinate, θ is the angular coor-
dinate, and vθ (r) = v(r) is the velocity in the angular
direction with variation only in the radial direction (no
velocity components are assumed in the radial and ver-
tical directions). The dimensionless equation of motion
is

r
dτ
dr

+ 2τ = 0. (42)

In dimensionless quantities, the velocity gradient and
shear stress are

γ̇ = −v
r

+
dv
dr

,

τ =
{(

dv
dr

− v
r

+ 1
)n

−1
}1/n

.

(43)

The dimensionless boundary conditions for the prob-
lem are

v(1) = 1, v(k1) = k1k2. (44)

Substituting (43) into (42) and rearranging, one finally
obtains the equation of motion as follows:

r
d2v
dr2 +

dv
dr

− v
r
+2−2

(
dv
dr

− v
r

+ 1
)1−n

= 0. (45)

For n = 1, this equation reduces to that of the Newto-
nian case [20]

r
d2v
dr2 +

dv
dr

− v
r

= 0. (46)

For the general boundary conditions given in (44), the
dimensionless analytical solution for the Newtonian
case is

v(r) =
k2

1k2 −1
k2

1 −1
r +

k2
1(1− k2)
k2

1 −1
1
r
. (47)

For the original non-Newtonian problem, the solution
is not simple. A linear solution v(r) = cr satisfies the
nonlinear problem for a restricted boundary condition,
that is

v(r) = r (48)

after applying (44). The solution is valid for the very
restricted case of k2 = 1 or Ω2 = Ω1. The linear solu-
tion, as expected, arises when both cylinders have the
same angular velocities. This solution is numerically
verified and irrespective of the n values, the linear so-
lution is retrieved for k2 = 1.
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Fig. 14. Velocity profiles for flow between rotating cylinders
for various power indexes with outer cylinder fixed (k1 = 2,
k2 = 0).
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Fig. 15. Velocity profiles for flow between rotating cylinders
for various power indexes with outer cylinder rotating slower
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Equation (45) is numerically integrated using a
Runge-Kutta algorithm combined with shooting tech-
nique. Various n parameters are selected and the
boundary conditions are varied by selecting different
radius ratios k1 and different angular velocity ratios k2.
Velocity profiles are given in Figures 14 – 19. In Fig-
ures 14 – 16, the radius ratio is selected as 2 (i. e. k1 =
2). In Figure 14, the outer cylinder is fixed (k2 = 0).
Velocity profiles are plotted for four different power
index values. A decrease in velocity is observed for
increasing n. The n < 1 and n > 1 profiles are qual-
itatively different. In Figure 15, the outer cylinder is
rotating slower (k2 = 0.5), whereas in Figure 16, the
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Fig. 16. Velocity profiles for flow between rotating cylinders
for various power indexes with outer cylinder rotating faster
(k1 = 2, k2 = 2).
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Fig. 17. Velocity profiles for flow between rotating cylinders
for various power indexes with outer cylinder fixed (k1 = 3,
k2 = 0).

outer cylinder is rotating faster (k2 = 2) than the inner
cylinder. Figure 16 is different from Figures 14 and 15.
In Figures 14 and 15, as power index increases, the ve-
locity drops, whereas in Figure 16 an increase in ve-
locity is observed for an increase in power index n.
With similar boundary conditions, for a radius ratio
of 3 (i. e. k1 = 3), Figures 17 – 19 are presented with
similar trends.

For the power-law approximation of the model, the
dimensionless shear stress is

τ = n1/n
(
−v

r
+

dv
dr

)1/n

. (49)
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Fig. 18. Velocity profiles for flow between rotating cylinders
for various power indexes with outer cylinder rotating slower
(k1 = 3, k2 = 0.5).
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Fig. 19. Velocity profiles for flow between rotating cylinders
for various power indexes with outer cylinder rotating faster
(k1 = 3, k2 = 2).

Substitution into (42) yields

r
d2v
dr2 +(1−2n)

(
v
r
− dv

dr

)
= 0. (50)

The solution of (50) for the boundary conditions (44)
is

v =
k2 − k−2n

1

1− k−2n
1

r +
1− k2

1− k−2n
1

r1−2n. (51)

This velocity profile is contrasted with the numerical
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Fig. 20. Comparison of hyperbolic model with power-law
approximation for flow between rotating cylinders (k1 = 4,
k2 = 0, n = 3).

solutions of (45) for the generalized hyperbolic model
in Figure 20 for n = 3, k1 = 4, k2 = 0. There is a
qualitative difference between the decay of solutions,
power-law approximation solution converges to zero
more smoothly than the other solution.

6. Concluding Remarks

A new hyperbolic non-Newtonian model with
promising applications in Petroleum industry is con-
sidered. For this new model, three basic geometries
are considered, namely, pipe flow, parallel plate flow,
and flow between rotating cylinders. Analytical solu-
tions in the form of integrals are presented for the
first two cases and integrals are numerically evalu-
ated to determine velocities and discharges. As the
power index n in the model decreases, velocities and
discharges increase. Direct numerical solutions of the
resulting ordinary differential equation are presented
for the last case. When the inner cylinder rotates
faster, velocities increase for a decrease in power in-
dex n. On the contrary, when the outer cylinder rotates
faster, velocities decrease for a decrease in power in-
dex n. For all three problems, the general hyperbolic
model is also contrasted with its power-law approxi-
mation.
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